Abstract. We prove that the Hodge number h 1,N −1 (X) of N -dimensional Fano complete intersection X equals k LG(X) − 1, where k LG(X) is the number of irreducible components of the central fiber of (any) Calabi-Yau compactification of Hori-Vafa LandauGinzburg model for X.
examples we are aware of such fiber is unique provided that the Picard rank is one) by k LG(X) . Let X be a complete intersection. Consider a perverse sheaf F of vanishing cycles to the central fiber of LG(X), i. e. the unique reducible fiber of LG(X). If Homological Mirror Symmetry holds for some fiberwise compactification of LG(X), then k LG(X) can be computed via a spectral sequence for cohomologies of F from [GKR12] . In particular by [GKR12] we obtain that h 1,N −1 (X) = k LG(X) . Conjecturally this equality holds for any N-dimensional Landau-Ginzburg model of any Fano N-fold. The purpose of this paper is to establish the latter result for Fano complete intersections without using Homological Mirror Symmetry.
Let's go back to a complete intersection again. The Hodge number can be computed combinatorially as a dimension of a particular component of a particular graded ring, see [Gr69] , [Di95] , and [Na97] . On the other hand, there are Hori-Vafa suggestions for Landau-Ginzburg models (of appropriate dimension) for complete intersections, see [HV00] . They can be birationally rewritten as toric Landau-Ginzburg models. We compute their fiberwise Calabi-Yau compactifications and compare the number of components of their central fibers of the compactifications with the Hodge numbers. Note that by a general Hironaka-style argument shows that the number of components of the central fiber does not depend on a choice of a Calabi-Yau compactification. Thus we prove the following theorem. The paper is organized as follows. In Section 2 we remind and discuss toric LandauGinzburg models of complete intersections. In Section 3 we express the Hodge number of a complete intersection in the form suitable for our purposes. In Section 4 we compute compactifications of toric Landau-Ginzburg models locally, and find contributions of various strata of singularities to central fibers of such compactifications. In Section 5 we collect all such contributions and prove the main theorem of the paper. Finally in Section 6 we state some open questions related to the subject.
Unless explicitly stated otherwise, all varieties are assumed to be smooth, projective and defined over the field C of complex numbers.
Toric Landau-Ginzburg models
Complete intersections are the initial and one of the most studied examples of Mirror Symmetry correspondence. In 90's Givental computed their Gromov-Witten invariants using Quantum Lefschetz Theorem (see [Gi96] 
, a regularized generating series of one-pointed Gromov-Witten invariants with descendants is a series
up to a shift of t by d 1 ! · . . . · d k ! for i(X) = 1, where H 0 is dual to a fundamental class of X. This series uniquely determines 1'st and 2'nd Dubrovin's connections (or equations of type DN, see [GS07] and [Prz07] ) and all Gromov-Witten invariants (coming from P N +k ) of X, see [KM94] and [Prz07] . According to Givental it equals
Consider a Laurent polynomial f in N variables x 1 , . . . , x N . Let φ f (i) be the constant term (i. e. the coefficient at x
, and define a constant term series for f by
It turns out that, under mild conditions, this series is a period of a family of hypersurfaces in a torus given by f , see, say, [Prz08, Proposition 2.3]. • (Toric condition.) There is an embedded degeneration X T to a toric variety T whose fan polytope (the convex hull of integral generators of rays of T 's fan) coincides with the Newton polytope (the convex hull of non-zero coefficients) of f .
Hori-Vafa models are precise affine varieties. However they can be birationally rewritten as Laurent polynomials
Theorem 2.2 ( [Prz13] and [ILP13] ). The polynomial f X is a toric Landau-Ginzburg model for X.
Computing Hodge numbers
Consider a projective space P N +k with homogeneous coordinates z 1 , . . . , z N +k+1 . Let f 1 , . . . , f k be homogeneous polynomials of degrees
Denote an ideal in S generated by Although our main character will be the (graded components of) the ring R, for some computations we will need another auxiliary ring. Let Proof. Induction in k.
Remark 3.2. The assumption of Lemma 3.1 holds, in particular, for the collection of polynomials
Remark 3.3. Note that the direct analogue of Lemma 3.1 fails for the ring R (cf. the proof of Lemma 3.5 below). For example, if k = 1 and
From now on we assume that X is a smooth Fano complete intersection of the hypersurfaces defined by the polynomials f i . Let h N −p,p pr (X) be primitive middle Hodge numbers of X.
Let
The middle Hodge numbers of X can be computed via the dimensions of the graded components of the ring R.
Theorem 3.4 (see [Di95] , [Gr69] , [Na97, Proposition 2.16]). One has
One can also find another formula for Hodge numbers (due to Hirzebruch) in [SGA7, Exp. XI, Theorem 2.2].
Theorem 3.4 enables us to give an explicit formula for the middle Hodge number h
. Proof. The first assertion follows by an easy argument with the gradings. To prove the second one note that the derivatives
Therefore, the difference
. . , f n ) equals the dimension of the subspace of R ′ 1,−1 (f 1 , . . . , f n ) spanned by the polynomials F zs . By Lemma 3.1 the dimension dim R ′ 1,−1 (f 1 , . . . , f n ) does not depend on f 1 , . . . , f k (provided that the corresponding variety is a smooth complete intersection). Similarly, the Hodge numbers of the intersection also do not depend on f 1 , . . . , f k . Thus Theorem 3.4 implies that to compute δ(f 1 , . . . , f k ) we may choose the polynomials f 1 , . . . , f k as we want.
Suppose that d 1 is minimal among the degrees d j , choose
N +k+1 , and choose f 2 , . . . , f k so that the variety defined by the equations f 1 = . . . = f k = 0 is a smooth complete intersection of the hypersurfaces f j = 0 (actually, the latter assumption will not be used at all). We claim that the polynomials F zs ∈ R ′ 1,−1 (f 1 , . . . , f k ) are linearly independent. Suppose that they are not, i. e. for some λ 1 , . . . , λ N +k+1 ∈ C one has
Taking a coefficient at w 1 we obtain
we conclude that
N +k+1 we end up with the equality
Proof. Let ∆(d, m) denote the dimension of the vector space of homogeneous polynomials of degree d in m variables. Then
To start with, let us compute the dimension ∆ j of the vector space of homogeneous polynomials in the variables z 1 , . . . , z N +k+1 of degree d j − i(X) that are not divisible by any of the polynomials f t , 1 t k. Put I k = {1, . . . , k}. One has
On the other hand, it is straightforward to see that
Finally, by Lemma 3.5 one has
, if i(X) = 1, which completes the proof.
Corollary 3.7. Let k = 1. Then
Proof. Apply Proposition 3.6 for k = 1 and
The formulas from Proposition 3.6 are stated in the form that enables us to prove our main result. On the other hand, it may be not really convenient for computations. For this purpose one can use the following.
Proof. By Lemma 3.1 one has N +k+1 , where 1 j k, the inequalities 0 i t d t − 1 hold for 1 t k, and
Suppose that i(X) 2. By Lemma 3.5 one has
, and the assertion follows by the above computation.
Suppose now that i(X) = 1. By Lemma 3.5 one has
, and the assertion follows in a similar way.
Local resolutions
We start with an easy but useful combinatorial observation.
Proof. The proof is elementary (and quite standard), but we include it for the readers convenience. Take a set Γ of 
elements is the same as to choose subsets Γ
. It remains to put i j = |Γ ′ j | for 1 j k, and to notice that |Γ
In the rest of this section we will fix some notation, remind the basics on blow ups and describe resolutions of some special hypersurfaces. By A(ξ 1 , . . . , ξ n ) we denote the affine space with homogeneous coordinates ξ 1 , . . . , ξ n , and by P(ξ 1 : . . . : ξ n ) we denote the projective space with homogeneous coordinates ξ 1 , . . . , ξ n .
Consider an affine hypersurface F = {f = 0} ⊂ A(x 1 , . . . , x n ). Suppose that a linear space L = {x 1 = . . . = x k = 0} is contained in F . The blow up of F in L is given by the same equation
The local charts of the blow up are x ′ i = 0, i = 1, . . . , k. In these local charts we write x i 's instead of x ′ i 's for simplicity; actually the equation of blown up hypersurface in the x i -th local chart is obtained from the initial equation by changing coordinates
and dividing by the maximal possible power of x i . The exceptional set is given by x i = 0. So we use the notation x i = 0 for this local chart and consider the equation of the blow up described above.
Consider an affine hypersurface L d,s given by the equation
in the affine space A(a, λ, x 1 , . . . , x s ). We consider it as a family of hypersurfaces in A(a, x 1 , . . . , x s ) parameterized by λ ∈ C. The hypersurface L d,s is singular but it admits a crepant resolution (see below). We are going to compute such resolution and find the number of components in its central fiber (i. e. the fiber over λ = 0).
Remark 4.2. Constructing a resolution dominating two given resolutions, we immediately obtain that this number does not depend on a particular resolution (cf. [Prz13, Corollary 21]).
Our strategy is as follows. The exceptional components of the central fiber of our resolution appear from resolutions with centers in (some of the) strata of singularities of L d,s given by vanishing of coordinates a and subsets of x i 's together with λ. We resolve the initial hypersurface by blowing up these strata starting from the "deepest" (i. e. of largest codimension) ones, and count the appearing components of central fibers. By a happy coincidence, after a blow up the singularities that we still have to resolve are given in the corresponding affine charts by the equations of the same type as before, so that we can apply the same procedure once again, and proceed in this manner to obtain a resolution (see Resolution Procedure 4.3 below).
Let 
Exceptional divisors in these charts are either those ones that we count in the local chart a = 0 or ones whose centers on L d,s are strata of lower codimension. Thus we do not have any additional contribution to G(d, s) from these divisors. Therefore, we obtain an equality
Then there are several deepest strata except for the case d = s. Blow up one of them, say, given by
In the local chart a = 0 we get a hypersurface given by
In the neighborhood of exceptional divisor this hypersurface is smooth. In the local chart x i = 0 we get a hypersurface given by
Strata of maximal codimension in this charts are ones coming from L(d, s), i. e. such that the blow up is an isomorphism in the neighborhood of general points of these strata. Thus in this case blowing up our deepest stratum does not contribute to the set of exceptional divisors over λ = 0, and blowing up these strata one-by-one we see that G(d, s) = 0 for d ≤ s. 
Proof. Resolution Procedure 4.3 enables us to express G(d, s)'s inductively. Summing up the numbers of exceptional divisors coming from each stratum one obtains
This gives
where the first equality comes from Corollary 4.4, the third one is the induction hypotheses, and the forth one is implied by Lemma 4.1 with k = 1,
Consider an affine hypersurface Ld ,s given by the equation
in the affine space A(a 1 , . . . , a k , λ, x 1 , . . . , x s ) as a family of hypersurfaces in A(a 1 , . . . , a k , x 1 , . . . , x s ) parameterized by λ ∈ C. Let F (d, s) be the number of components in the central fiber of a crepant resolution of Ld ,s (as above, F (d, s) does not depend on the choice of a crepant resolution).
Lemma 4.6. For anyd one has
Proof. One can resolve singularities in the same way as in Resolution Procedure 4.3. That is, first resolve (canonical) singularities lying over a 1 = 0, then resolve ones lying over a 2 = 0, etc. Finally we get
and the assertion follows by Corollary 4.4 and Proposition 4.5.
Global resolutions
Consider a complete intersection X ⊂ P N +k of hypersurfaces of degrees d 1 , . . . , d k . Let us remind that its toric Landau-Ginzburg model of Hori-Vafa type is
Consider a fiberwise compactification of the hypersurface given by f X = λ to get a (singular) hypersurface LG s (X) in
given by an equation
We obtain (an open) Calabi-Yau variety. Applying Resolution Procedure 4.3 we get a Calabi-Yau compactification LG(X) of the toric Landau-Ginzburg model (cf. [Prz13, Proposition 11]). The only fiber of the compactified fibration that may be reducible is the fiber over λ = 0. By Remark 4.2 the number of its irreducible components (which equals k LG(X) + 1 by definition of k LG(X) , see Section 1) does not depend on the choice of a Calabi-Yau compactification.
Theorem 5.1. Let LG(X) be a Calabi-Yau compactification of f X . Then
if N > 2, and
Proof. Exceptional divisors over the central fiber of LG s (X) appear only over points with
So analytically the equation of LG s (X) can be rewritten as an equation
that defines a hypersurface in Let I k = {1, . . . , k}, and for 1 j k let I j k = I k \ {j}. If l 1, then the canonical strata are labeled by the choices of j ∈ I k , and from i t variables of x t,1 , . . . , x t,dt for all 1 t k, where 0 i t d t − 1 for t = j and 0
Adding up the contributions of the canonical strata, we see that the number of exceptional components over the central fiber of LG s (X) equals
. . .
The first equality above follows from Proposition 4.5. The second one follows from the fact that if l 1, and i s is chosen to be i s = d s − 1, then the corresponding summand equals 0 regardless of the choice of i t for t = s. The third equality is a usual inclusionexclusion formula. The fourth equality is an application of Lemma 4.1. Finally, the fifth equality follows from the definition of l. Components of the central fiber of LG(X) are exceptional divisors and the strict transform of the (irreducible) central fiber of LG s (X). Thus the number computed above is exactly k X . Comparing it with the number computed in Proposition 3.6 one obtains that k X = h 1,N −1 pr . If l = 0, then the canonical strata are labeled by the choices of j ∈ I k , and from i t variables of x t,1 , . . . , x t,dt for all 1 t k, where 0 i t d t − 1 for t = j, 0 i j d j − 2, and (i 1 , . . . , i k ) = 0. Adding up the contributions of the canonical strata, we see that the number of exceptional components over the central fiber of LG s (X) equals
The first two equalities above are straightforward. The third one follows from inclusionexclusion formula and Lemma 4.1 just as in the case l 1. The fourth equality follows from the definition of l. Components of the central fiber of LG(X) are exceptional divisors and the strict transforms of the components of the (reducible) central fiber of LG s (X). The central fiber of LG s (X) consists of k components. Thus the number computed above is k X − k + 1. Comparing it with the number computed in Proposition 3.6 one obtains that k X = h 1,N −1 pr . Finally, the statement of the theorem follows from the fact that h
6. Questions 
